Quantum Mechanical Analysis of a Two-Level System:
Derivation of the Density Matrix Equations

1. BasisWavefunctionsfor the Two-L evel System

* The Schrédinger Wave Equation (SWE) isgiven by

ihdli(r,t)

= H_ Wt
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wherethe Hamiltonian operator isthe sum of atime-independent term H,

which givesthe energy levelsin the absence of an external field, and atime-
dependent interaction term V(t)which accountsfor the electric dipole

interaction of the electron with the external laser field.
H_ = H, + V(1)

op

» Thewavefunction for the system is expressed asthe linear superposition of basis
wavefunctions g, (F) and y,(F),

W(rt) = ) w,(N) + () g,(7)
« Thebasiswavefunctions ¢, (f) and ,(r) are eigenfunction solutions of the

time-independent SWE in the absence of an external field. Operating with H,
on the nor malized wavefunctions W, (r,t) and W,(F,t) givesthelevel energy,

H, W.(F,t) = e, w,(Ft) ., W(t) = u,(F)exp(-igt/h)
Ho W01 = &, w,(71) . W) = ¢,(F) exp(-ie,t/n)

Note that the coefficients ¢ (t) and c,(t) will include the oscillatory termsas well
as any time-dependenceinduced by the laser fields.

« Theeigenfunctions ,(¥) and ,(r) are orthonormal,



[Cwi) wr)do= [ uE)w,F)do= 1
[Lw@w@d= [ W) w,r)di= o

The probability that the two-level system will befound in a particular level mis
given by

Pn = CnGn

This can be seen to follow naturally from the condition that the wavefunction
W(r,t) must be normalized so that the probability of finding the system in one of

thetwo basis statesis 1,
[w () w(.nde
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2. TheElectric-Dipole Operator

The electric-dipole interaction operator V(t) isgiven by
V(t) = — i« E(F,t)

Typically, therewill be only one electron involved in the optical transition and
for an atom, the electric dipoleis given by

u = -er
The wavelength of light istypically much larger than atomic dimensions so that
we can neglect the variation of the electric field over the atomic dimension.

Selecting the origin of coordinates at the atomic nucleus we obtain

V(t) = —fis E(t) = —ef* Et)



3. The SWE with the Wavefunction Expressed asthe Sum of Basis Wavefunctions

« Substituting theexpression W(r,t) = ¢(t) ¢,(r) + c,(t) y,(F) into the SWE we
obtain,

L oWt _ . N oa(t) | o 9C,(t) _ 21 =
Ih—dt = iy (r) ot +|h¢12(r)—dt H,, W(T,1)

[Ho + V(t)] [Cl(t) w,(r)+ e (t) ‘/jz(r)]
= &C(t) (M) + &G Y.(M)+ V(Do) (r) + V(1) () y.(r)

« Multiplying through by (') and integrating over all space gives us
ihiclfmzp*(r)w(r)d& ihﬂzf+ww*(r)w(r)dm: 11 2%
ot J-= 772 ! ot J=72 2 ot
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* Let'stakeacloser look at theintegralson the RHS,

ClJ’-Jr:w;(F)V(t) llfl(F)dD= G [[_+:¢;(F) (‘ef)wl(F) dD]' E(t) = C Uy Ié(t) SR )

« Thequantity [, istheelectric dipole matrix element. The magnitude of the
electric dipole matrix element isrelated to the Einstein coefficient for
spontaneous emission by

817
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Ay = |H21|
« Thedectric dipole matrix elements p,, and pi,, areequal to zero if the atom or

molecule has no permanent dipole moment. Setting these equal to zero, the
equation reducesto

.0 [
'h% = §C + ¢ Vy(t) 0 - = _%[5202 + C1\/21(t)]



e Similarly we obtain

9 0 [
IhECl = £,C, + C, V(1) O 7% = _;.l[glcl + (\Qvlz(t)]

* Now introducethe density matrix

(Pu p12D: o ccO
5)21 pzzH E‘ch chza

+ Thedensity matrix equation for p,, becomes

opu() _ 0 | a,
A -Gy YA,

ir . . . .
= ——[ade - ace+ 66 Vi) - ad Val)

- __7if‘z [V12(t) PA(t) = pw (t)v21(t)]

Similarly we obtain

0P ) _ [ (0 P40 = POV, (1]
and
d_p;tj(i) = 1wy, pn(t) - 21(t) [,011(’[) ,022('[)]

« With theinclusion of the dephasing rate, y,,, and the population transfer rate
from level 2tolevel 1, I', , these equations become,

dpd]]t(t) = _lh [Vlz(t) le(t) - p12(t)V21(t)] + r21p22(t)
20 - +£i [Vlz(t) Px () - plZ(t)V21(t)] - r21p22(t)



apatzj(t) = = puO10a V2] = 7 Va® [0 ) - . ()]

» Theexpectation value of the dipole moment for the two level system is given by

(lj)(t) = Pu(t) s + P (t) Ho



